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Abstract. We study the conditions under which the cotangent bun- 
dle T*M of a Riemaannian manifold {M,g), endowed with a Kahlerian 
structure (G, J) of general natural lift type (see [T]), is Einstein. We first 
obtain a general natural Kahler-Einstein structure on the cotangent bun- 
dle T*M. In this certain parameter, A involved in the condition 
for {T*M, G, J) to be a Kahlerian manifold, is expressed as a rational 
function of the other two, the value of the constant sectional curvature, 
c, of the base manifold (Af, g) and the constant p involved in the con- 
dition for the structure of being Einstein. This expression of A is just 
that involved in the condition for the Kahlerian manifold to have constant 
holomorphic sectional curvature (see [2]). In the second case, we obtain 
a general natural Kahler-Einstein structure only on TqM, the bundle of 
nonzero cotangent vectors to M. For this structure, A is expressed as 
another function of the other two parameters, their derivatives, c and p. 
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Einstein structure. 



1 Introduction 

A few natural lifted structures introduced on the cotangent bundle T*M of a Rieman- 
nian manifold (M, g), have been studied in recent papers such as [1], [2], [8], [11], [12], 
[14]-[19]. The similitude between some results from the mentioned papers and results 
from the geometry of the tangent bundle TM (e.g. [9], [lO]), may be explained by 
the duality cotangent bundle-tangent bundle. The fundamental differences between 
the geometry of the cotangent bundle and that of the tangent bundle of a Rieman- 
nian manifold, are due to the different construction of lifts to T*M, which cannot be 
defined just like in the case of TM (see [21]). 

The results from [5, [5], [6], [20j, concerning the natural lifts, and the classification 
of the natural vector fields on the tangent bundle of a pseudo-Riemannian manifold, 
made by Janyska in [3], allowed the present author to introduce in the paper [1 , a 
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general natural almost complex structure J of lifted type on the cotangent bundle 
T*M, and a general natural lifted metric G defined by the Riemannian metric g on 
T*M (see the paper |5] by Oproiu, for the case of the tangent bundle). The main result 
from [T] is that the family of general natural Kahler structures on T*M depends on 
three essential parameters (one is a certain proportionality factor obtained from the 
condition for the structure to be almost Hermitian and the other two are coefficients 
involved in the definition of the integrable almost complex structure J on T*M). 

In the present paper we are interested in finding the conditions under which the 
cotangent bundle T*M of a Riemannian manifold {M,g), endowed with a Kahlerian 
structure (G, J) of general natural lift type (see [T]), is an Einstein manifold. To this 
aim, we have to study the vanishing conditions for the components of the difference 
between the Ricci tensor of {T*M, G, J) and pG, where p is a constant. 

After some quite long computations with the RICCI package from the program 
Mathematica, we obtain two cases in which a general natural Kahlerian manifold 
{T*M, G, J) is Einstein. In the first case, {T*M, G, J) is a Kahler-Einstein mani- 
fold if the proportionality factor A, involved in the condition for the manifold to be 
Kahlerian, is expressed as a rational function of the first two essential parameters, 
their derivatives, the values of the constant sectional curvature of the base manifold 
{M,g), and the constant p, from the condition for the manifold to be Einstein. In 
this case the expression of A leads to the condition obtained in [5] for {T*M, G, J) to 
have constant holomorphic sectional curvature. In the second case, (G, J) is a Kahler- 
Einstein structure on the the bundle of nonzero cotangent vectors to M, T^M, if A' 
is expressed as a certain function of A, the other two parameters, their first order 
derivatives, c and p. The similar problem on tangent bundle TM was treated by 
Oproiu and Papaghiuc in the paper |13j . 

The manifolds, tensor fields and other geometric objects considered in this paper 
are assumed to be differentiable of class C°° (i.e. smooth). The Einstein summation 
convention is used throughout this paper, the range of the indices h, i, j, k,l,m,r being 
always {1, . . . , n}. 

2 Preliminary results 

The cotangent bundle of a smooth n-dimensional Riemannian manifold may be en- 
dowed with a structure of a 2n-dimensional smooth manifold, induced from the struc- 
ture of the base manifold. If (A/, g) is a smooth Riemannian manifold of the dimension 
n, we denote its cotangent bundle by tt : T*AI M. From every local chart {U, (p) — 
(J7,a:;\ . . . ,x") on M, it is induced a local chart (7r-i(C/),$) = (7r-i(C/), g\ . . . , 
Pi, . . . ,Pn), on T*M, as follows. For a cotangent vector p G tt~^{U) C T*M, the first 
n local coordinates g^, . . . , g" are the local coordinates of its base point x = tt{p) in 
the local chart {U, p) (in fact we have — 7r*x* — o tt, i = 1, . . .n). The last n 
local coordinates pi,. . . ,pn of p G tt^^{U) are the vector space coordinates of p with 
respect to the natural basis {dxlf^^y . . . , rfa;"(p)), defined by the local chart (C7, p), i.e. 

The M-tensor fields on the cotangent bundle may be introduced in the same 
manner as the M-tensor fields were introduced in the paper [7 on the tangent bundle 
of a Riemannian manifold. 
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On T*M, a few useful Af-tensor fields may be obtained as follows. Let v,w : 
[0, oo) ^ R be smooth functions and let \\p\\^ = g~^^j{p,p) be the square of the norm 

of the cotangent vector p G tt^^{U) {g^^ is the tensor field of type (2,0) having the 
components {g''\x)) which are the entries of the inverse of the matrix {gij{x)) defined 
by the components of g in the local chart (U,ip)). The components vgij{'K{p)), pi 



w 



)piPj define respective M-tensor fields of types (0,2), (0,1), (0,2) on T*M. 
Similarly, the components vg^^{n{jj))^ g^' — ptg^^ , w{\\p\\'^)g^'' g^^ define respective 
M-tensor fields of type (2,0), (1,0), (2,0) on T*M. Of course, all the components 
considered above are in the induced local chart {tt^^{U), $). 

We recall the splitting of the tangent bundle to T*M into the vertical distribution 
VT*M — Ker tt* and the horizontal one determined by the Levi Civita connection V 
of g: 

(2.1) TT*M = VT*M © HT*M. 

If (7r-i(t/),$) = {TT-^{U),q^, . . . ,q",pi, . . . ,pn) is a local chart on T*M, induced 
from the local chart {U,ip) — {U,x^, . . . ,x"), the local vector fields 

on Tr^^{U) define a local frame for VT*M over tt~^{U) and the local vector fields 
s _§_ 



^ ^ define a local frame for HT*M over tt ^(C/), where 



and r^^(7r(p)) are the Christoffel symbols of g. 

The set of vector fields ■ ■ • , . . . , ^} defines a local frame on T*M, 

adapted to the direct sum decomposition (|2.ip . 

We consider 

t = ^Ibf = l9~lp)iP,P) = \9'''{x)PrPk, P e 7r-i([/) 

the energy density defined by g in the cotangent vector p. We have t G [0, oo) for all 
p e T*M. 

The computations will be done in local coordinates, using a local chart ([/, ip) on 
M and the induced local chart {it~^{U), $) on T*M. 

We shall use the following lemma, which may be proved easily. 
Lemma 2.1. If n > 1 and u,v are smooth functions on T*M such that 

ugij + vp.pj = 0, ug'^ + vg^'g^^ = 0, or u5] + vg°'pj =0, Vi , j = T~R, 

on the domain of any induced local chart on T* M , then u = 0, v — Q. 

In the paper jT|, the present author considered the real valued smooth functions 
oi, 02, as, a4, 6i, 62, 63, 64 on [0, 00) C R and studied a general natural tensor of 
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type (1, 1) on T*M, defined by the relations 

JX^ = ai(t)(5x)^ + h{t)p{X)p^ + ai{t)X^ + bi{t)p{X){pX . 
je^ = a3(t)< + b^{t)g-l^{p,6)p'^ - a^me^ - b,{t)g-^^^{p,e){pX , 



(2.2 



in every point p of the induced local card {Tr-^{U), $) on T*M, V X e X{M),W 9 & 
Ai(M), where gx is the 1-form on M defined by gxiY) = g{X,Y), VY e X{M), 
0^ = gg^ is a vector field on M defined by gie^Y) = 0{Y), V F € X{M), the vector 
is tangent to M in 7r(p), is the Liouville vector field on T*M , and (p")^ is the 
similar horizontal vector field on T*M . 

The definition of the general natural lift given by (|2.2p . is based on the Jany ska's 
classification of the natural vector fields on the tangent bundle, but the construction 
is different, being specific for the cotangent bundle. 

Theorem 2.1. ([IJ) A natural tensor field J of type (1, 1) on T*M, given by 
l\2.2^ . defines an almost complex structure on T* M , if and only if 04 ~ —0,3, 64 = —63 
and the coefficients oi, 02, 03, 61, 62 and 63 are related by 

(2.3) aia2^1 + al, {a^ + 2tbi){a2 + 2tb2) ^ 1 + {03 + 2tb3f . 

Studying the vanishing conditions for the Nijenhuis tensor field Nj, we may state: 
Theorem 2.2. (J]) Let (M,g) be an n{> 2) -dimensional connected Riemannian 
manifold. The almost complex structure J defined by (|2.2p on T*M is integrable if 
and only if (Af, g) has constant sectional curvature c and the coefficients 61 , 62 , 63 
are given by: 



(2.4) 



^ 2c^ta2-\-2ctaia2-\-aia'^—c+3ca^ 

^ al—2ta^ —2cta2—4:Ct^aL ' 

• 2 If 2 I f 

^ 2^03 — 2ia^a2+ca2+2cta2a2+aia2 

2 ai— 2ia'^— 2cia2— 4ci2a2 ' 
T aia3+2ca2a3+4cia2a3 — 2cia2a3 

3 ai — 2ta^ — 2cta2— 4ct^a2 ' 



Remark 2.3. The integr ability conditions (12. 4|) for the almost complex structure 
J on T*Af , may be expressed in the equivalent form 



a 



-(ai6i + c — 3ca| — 4^0363), 



1 ai+2tbi 

2 ~ ai+2tbi ' 

"3 = ai+2tbi (°i^3 ~ 2ca2a3 - 20*0263)- 



^^2 = ai+2fbi (2Q363 - 0261 - Ca|), 



In the paper [T] , the author defined a Riemannian metric G of general natural lift 
type, given by the relations 



' Gp(x^,r^) = ci(t).g,(p)(x,y) + di(Op(x)p(r), 
(2.5) \ ^vV" i - ^2V'-;y^(p)V'^'"^^ -t'"2V'-Ay7r(p)Vi^:'^;y^(p) 

(p) 



Gp(r , c^^) = C2(t)5;(;) (0, c.) + d2(i).g;(;) (p, e)5;(;) (p, c.), 
[ Gp(X«,0^) = Gp(r,X«) = C3(0e(^) +d3(i)p(^)5;i)(p,e), 



V X,r G A'(Af), V e.ijj G Ai(A/),Vp G T*M. 
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Using the adapted frame -^}i,j=i,...,n on T*M, we may write the expression 
(j2.5p in the next form 



(2-6) \ G(^, 4) = C2{t)g^^ + d2{t)g^^g''' = G\ 



where ci, C2, C3, c?i, c?2, c's are six smooth functions of the density energy on T*M. 
The conditions for G to be positive definite are assured if 

Ci+2idi>0, C2+2td2>0, (ci+2idi)(c2+2<d2)-(c3 + 2<d3)2 >0. 

The author proved the following result 

Theorem 2.3. The family of Riemannian metrics G of general natural 

lifted type on T* M such that [T* M, G, J) is an almost Hermitian manifold, is given 
by (j2.6p . provided that the coefficients ci, C2, C3, c?i, ^2, O'^d d^ are related to the 
coefficients ai^ 02, 03, bi, 62, and b^, by the following proportionality relations 



where the proportionality coefficients A > and A + 2tfi > are functions depending 
on t. 

Considering the two-form defined by the almost Hermitian structure (G, J) on 
T*M, given by n{X,Y) = G{X,JY), for any vector fields X,Y on T*M, we may 
formulate the main results from fl\: 

Theorem 2.4. (1) The almost Hermitian structure {T*M,G,J) is almost 
Kdhlerian if and only if 



Theorem 2.5. A general natural lifted almost Hermitian structure (G, J) on 
T*M is Kdhlerian if and only if the almost complex structure J is integrable (see 
Theorem 2.2) and = A'. 

Examples of such structures may be found in [15], [IT] . 

3 General natural Kahler-Einstein structures on cotan- 
gent bundles 

The Levi-Civita connection V of the Riemannian manifold {T*M, G) is obtained from 
the Koszul formula, and it is characterized by the conditions 




£1 - £i - £i 
ai 02 03 



ci + 2tdi _ C2 + 2td2 _ C3 + 2td3 
ai + 2tbi "02 + 2tb2 ~ 03 + 2i63 



A + 2t^i, 



VG = 0, T = 0, 
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where T is the torsion tensor of V. 

In the case of the cotangent bundle T*M we may obtain the exphcit expression 
of V. 

The symmetric 2n x 2n matrix 

( ] 

associated to the metric G in the base g|-}ij=i....,n has the inverse 

( ^li^ 

where the entries are the blocks 

(3.1) iJfi') = 615'^" + fi9°'9°', Hif = e2gki + hVkPu H3f = e^Sf + hg^'^pi. 

Here 5'''' are the components of the inverse of the matrix (gij), g^^ = Pig^^, and 
Cii /ii e2j /2j 63, /a : [0, cxd) — > R, some real smooth functions. Their expressions 
are obtained by solving the system: 



'-'ih ^(1) " 


H G3?i73^ 


^ 6'' 




^G3f<,) 


= 0, 






= 0, 


. G3J,i^3^ 


1 i^ih 17(2) 


-SI 



in which we substitute the relations (|2.6p and (|3.ip . By using Lemma 2.1, we get 
ei, 62, 63 as functions of ci, C2, C3 

/q o^ '=2 ci C3 
(3.ij ei = 2' ^2 = 2' '^3 



95^^ 95 9 ! 

C1C2 - C3 C1C2 - C3 C1C2 - C3 



and /i, /2, /3 as functions of ci, C2, C3, di, ^2, ^3, ei, 62, 63 



/• C2diei—C2d^ei—c^d2e3+C2d^e^+2d\d2e\t — 2d^eit 

~ ~ ciC2-cj+2c2dit+2cid2t-4cad3t+4did2t^-4:d'^t^ ' 

f3 3") f = (c3+2d3t)[(d3ei+rf2e3)(ci+2rfif)-(diei+rf3e3)(c3+2d3t)] _ ^2 62+^3 63 

^ ' •'2 (c2+2(i2t)[(ci+2dit)(c2 + 2d2t)-(c3 + 2d3t)^] C2+2d2t ' 

J- (d3ei+rf2e3)(ci+2dit)-(diei+rf3e3)(c3+2d3t) 

/3 — (Ci+2dit)(c2+2d2t)-(c3+2d3t)^ ■ 

Next we may obtain the expression of the Levi Civita connection of the Ricmannian 
metric G on T*M. 
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Theorem 3.1. The Levi-Civita connection V of G has the following expression 
in the local adapted frame { j|r, g^}ij=i,...,n 

V , — - n'^ — + m''— V . (-r^ + p ^ ^— + p 



ing as coefficients in the above expressions are given as 



where T^^ are the Christoffel symbols of the connection V and M -tensor fields appear- 





' Q\ 




Vd^G^-d^Gl^)H^^^ + \{d^Gii- 
-d=G%^-d^Gl^)ml + \{d^Gii~ 


^d^G3l)H3l 
h9^G3^,)i7g, 


(3.4) < 


p ih 

J 
P * 


= l{d'G3^ - 
= i(a'G3j^ - 


' 9*-^G3})i73^ + |(9'Gj^' - -Rj'jfeG'la) 
9'=G3pi?f,' + i(a''G«-i?o,Gf2) 






Sijh 
Q h 


= U^2R^, - 

= - 


a'G('))i/f,)-c3i?o.,i/3t 

d^Gf^)ml-c,W^^^Hl^^, 





where R^^ij ^''^ ^''■^ components of the curvature tensor field of the Levi Civita con- 
nection V of the base manifold (M,g). 

If we replace in (|3.4p the relations (|2.6p . which define the metric G, the expressions 
p.f P for the inverse matrix of G, and the formulas p.2p , (|3.3p we obtain the detailed 
expressions of Q'\, S,,h, P,\, Q''\ 

The curvature tensor field K of the connection V is defined by 

K{X, Y)Z = Vx^yZ - Vy Vx^ - V[x,y]^, X, Z e r(TM). 

By using the local adapted frame {^Ir, ^-}j.j=i,....n = {(^j, 9-'}ij=i....^„ we obtain 
the horizontal and vertical components of the curvature tensor field: 

K{d\d^)5k = PPQQ'\ ""Sh + PPQP''khd\ 
K{d\ 8^)8'' = PPPQ'^^''5h + PPPP'^'^hd^, 

K{d\ 5j)5k = PQQQ',k''6h + PQQP',fe„a^ 
K{d\ (5, )a^- = PQPQ'j ''''Sh + PQPP) \d'\ 
where the coefficients are the Af -tensor fields given by 

/^/O/^/O h Q I Q h ^ TD Ih Q c h Q I p //i c pO TD Ih , ryh 
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QQQPijkh — Siih + Pi hSjki - Si^. Sjih - Pj h^iki - Pk h^Hj^ 

QQPQii""" = Pj\Pi + Pj''%i - Pi ^p/'' - Pi "'5,/ - 

QQPPij h'^^ — l^i ' h + Pj^^Siih — Pi ''iP/h ~ ^jlh ~ PdijQ^^h ~ -^Hj ' 

PPQQ'\ '^(5/. = a^Pfc^'^ - d'P^^'^ + iQ''"" + Pt^'Pi - PkiQ'''' - Pk'^Pi '\ 
ppQP'^kh = d%\ - d^Pk\ + Pk'iQ'\ + Pk'^Pi 1 - Pk\Q'\ - Pk''Pi\, 

pppQijkh ^ giQjkh _ QjQikh ^ Qjk^Qilh ^ Qjklp^ ih _ Qik^Qjlh _ Qiklp^ jh ^ 

PPPpiok^ = d'Q\ - d^Q\ + Q^'^ff ^ + g^'^'p, ^ ^ - cr\Q'\ - Q^'^'Pi \, 
PQQQ'jk'^Sh = d'S^k^ + + SjP^ - P.Sp/'' - Pk%i\ 

PQQP^jkh = 9^Sjkh + SjkQ^\ + SjkPl \ — Pk^lP/h ~ Pk''Sjlh, 

PQPQ'j '''' = + P/,Q'"' + - Q^'^iP/'' - Q^'^^Sji'', 

PQPP^j ^ = + P/;Q*'^ + P/'P; \ - Q'\Pj\ - Q'^^Sjih. 

In order to get the final expressions of the above Af-tcnsor fields, we have to 
compute the first and second order partial derivatives with respect to the cotangential 
coordinates, Pi of the usual tensor fields involved in the definition of the Riemannian 
metric G. 

a*G3i = + d'^g^^g^^pk + d^g'^pk + d^g^^Sl 

d'd^Gi]^ = c'lg'^^g'^^gki + c^' gki + d'lg'^g'^pkPi + dW^pkPi+ 
+d[g°^lpi + d'^g'^^pkS] + d[g'%pi + d^5i5\+ 
+d[g'^PkSi+d,SlSi, 
d'd^Gll^ = d^g^'g^^g^' + d^g'^ g"^' + d'^g^^g'^ g^'g^' + dW^g^''g''+ 
+d'^g°^g"'g''' + d'^g°^ g'^" g^' + d'^g"^' g'^ g°' + d2g^''g''+ 

d'd^G^I = d^g''g"^Sf + d^g'Hf + d'ig°'g°^ g'^'^pi + d'^^g'^ g'"'pi + 
+d'3g'''g"'Pi + dy^^g'^'Si + dy'^'g^'^pi + dsgiH\+ 
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d'H^k = ^29°'9jk + r29%,Pk + f25]pk + f2Pj5l 

d^mi = ey'^Sl + f^^g'^g'^^Pk + f39''Pk + /35°^'5^ 

We get the first order partial derivatives of the M-tensor fields Pj"''*, Q^'' Sijt, 
Pj^h^ Q^^^ ^ with respect to the cotangential coordinates pi and we replace these 
derivatives, and the expressions (|3.2|) . (|3.3p of the functions ei, 62, 63, /i, /2, fs 
and of their derivatives in order to obtain the components of the curvature tensor as 
functions of ai, 02, 03 and their derivatives of first, second and third order only. The 
expressions are obtained by using the Mathematica package RICCI. 

d,Q3^^ ^ ]^d'm^{d'G\^) + a'^Gg) - a'Gg)+ 

+ii/3f (9*5^G^^) + d'd'^Gf^^ - d'd^Gll-^)+ 
+ia*il(^)(9^G3f + c''^'G3f ) + iiJ(^')(a*a^G3f + d'd^Gii), 
d'P^\ = ]^d'H'il\d^Gi] - d^Gi)) + ]^Hll\d'd^G-i] - d'd'G3f)+ 
+ia'ff3U9'=G5.;)-i?°„,,G^f)+ 

d'Pj^^ = ^d'm'l{d''G3\ - d^Gi)) + ^m'lid'd^G-i] - d'd^G?,))+ 

,^ Tjhl ('aiafe/^(l) Tji r^mk r>0 c\i/^mk\ 

d'Sjkh = 2^ic'2P''Rmjk + C2Rlnjk " d'' Gf,} )H^^^ + {c2Rl^jk ~ d^Gfj^)d^H[f^]~ 

d's^k!" = l[ic'2fR^n,k + c2Rl.,k - d^d'Gf)m1 + {C2RI,, - d'G^^)d^m^]- 

-c'3P^R%iHli-f - C3(i?}fcjif(i) + i?°j.;5'if(J'-)). 
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In the following, we shall obtain the eonditions under which the general natural 
Kahlerian manifold {T*M, G, J) is an Einstein manifold. The components of the Ricci 
tensor Ric{Y, Z) = trace{X K{X, Y)Z) of the Kalerian manifold (T*M, G, J) are 
given by the formulas: 

RicQQik = RiciSj, Sk) = QQQQhjk" + PQQP)kh, 

RicPP'^ = Ric{dj,dk) - PPPP''^\ - PQPQ^^^, 
RicQPj'' = Ric{5j,d^) ^ RtcPQ^j = Ric{d\ S^) = PQPP) \ + QQPQhj''^- 

The conditions for the general natural Kahlerian manifold (T*M, G, J) to be Ein- 
stein, are 

RicQQjk - pGf^ = 0, 



RicPP^" - pG\l^ = 0, 
RicQP.'' - pGS'' ^Q, 



where p is a constant. 



After a straightforward computation, using the RICCI package from Mathematica, 
the three differences which we have to study, become of the next forms: 

RicQQjk - pGjfe = (A + 2X'tf[\{\ + 2\'t)aigjk + (iiPjPkl 
RicPPok _ pGg) = A(A + 2X'tf[{X + 2\'t)a2g^^ + 2Xp29°^g°% 
RicQP^^ - pG3^ = (A + 2X'tf[X{X + 2X't)a3S^ + l33Pjg°% 

where ai, a2, a^, P2, f^s are rational functions depending on ai, a^, A, their 
derivatives of the first two orders, and p. We do not present here the explicit expres- 
sions of the fimctions, since they are quite long. 

Using lemma 2.1, and taking into account that A 7^ 0, A + 2X't ^ 0, we obtain 
that ai, a2, as, /3i, (32, /S^ must vanish. 

Solving the equations ai = 0, 02 = 0, Q3 = with respect to p we get the same 
value of p, which is quite long and we shall not write here. 

Next, from /3i = 0, /32 = 0, and /Js = 0, we obtain another three values for p, 
which we denote respectively by pi, p2, and p^. This values must coincide with p. 



When we impose the conditions p2 — p = 0, ps — p = 0, we obtain two equations: 
(3.5) 



{al + afal - 4:aia[t - 4:aia[alt + Aajaaa'^t + Aa'^t^ + Aafalt^- 
-Saia'^a^a'^t^ + 4:ala'it^){An + B)/Ni = 



(3.6) 



(af 03 - 2a\a'^a2,t + 2af + 2aiasct + 2aia%ct - ia'^asct^ - Aa'^alct"^ — 
-Aaia'scf + Aaiala'sCt^){An + B)/N2 = 

where the expressions of A, B, Ni, N2 are quite long, depending on ai, 03, A, and 
their derivatives. 
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Let us study the first parenthesis from p.5p and p.6p . namely 
E — Qi + a^flg — 4aia']^i — AaiQiO^t + iala3a'^t+ 
+Aa'^t'^ + Aa'^alt^ - Saia'^a^a'^t'^ + 40103^^^, 

-F — ajoa — 2a]^aj^a3t + 2a'ia^t + 2aia^ct + 2aia3ct— 

-Aa'ia^.ci^ - Aa'^alci^ - Aaia'^cf + Aaiala'^ct'^ , 

The sign of may be studied thinking it as a second degree function of the variable 
03. The associated equation has the discriminant A = — (a^i^(ai — 2a[t)^) < 0,\/t > 
and the coefficient of af, Aajt"^ > 0,\/t > 0. Thus, > for every t > 0. If t = 0, 
the expression becomes (1 + a|) > 0. Hence we obtained that E is always positive. 

Taking into account of the values of and a[ from (|2.5p and then multiplying by 
a3+2M > 0, F = becomes an equation of the second order with respect to 

(3.7) (aj)2 - 4a2(l + al)ct + AcH^{l + a^)^ = 0, 

with the discriminant A = -16a|(l + al)c^t^ < 0, Vi > 0. Thus F > 0,\ft > and if 
t = 0, F ^ af > 0. 

Since E and F are always positive, the relations (|3.5p and (|3.6p are fulfilled if and 
only if An + B = 0. The obtained equations does not depend on the dimension n of 
the base manifold, so we get that both A and B must vanish. 

From the condition ^ = we get an expression of A", given by 



A" = {al{~X'^(2ala'^ + ala'{ + 4aia[alc + 8ala3a'^c + 8alc^ + 8alc^)- 
-2alXX'{aia[ + 2alc) + 2afX'^) - 2aft{X^{^alaf - 6aiafc - 3ala'{c- 
-Gaiafalc + a\a'la\c + 'iala'^a^a'.^c + 2a\a'^c + 2a\aza'^c — 200^030^- 
— 20a'^a|c^ — 80103030^ + 320103030^) + aiXX' {~a\a'^ + afa" — Goia'^c— 
-Qaia'^alc + 120^03030 + 4a|c^ + 4a|c2) + 2a\X''^ [aia'^ + 3c - a§c))- 
-4afci2(-A2(-3aiaf - 3aiaf a| + Qalafa^a'^ - 6a'^c - 3aia'{c~ 
—20a'ia^c — 2aia"a§c — lAafa^c + aia'(a'^c + Waia'iasa'^c + 32010^03030+ 
+4:ala'^c - 12o^a§a32c + 40^03030 - 4a^a|a3c) + 0iAA'(3oiaf - 30^0'/+ 
+Saiafal + o^o'/og - 80^0'^ 0303 + 20^03^ + 20^0303 + 6a[c — 4a'^a§c- 
— lOo'j^OgC — 160103030 + IBoiOgOgc) + 2o^ A'^ ( — 3oi o']^ + aia[al + 20^0303 — 
-3c - 2oic + o|c)) - 8aic2i3(_A2(3aiof + Goiof o^ + 3oiof o|- 
-120101^0303 - 120101^0303 + 12oioio§a3^ + 2o']^c + oio'/c + 6oi^o§c+ 
+3010" a|c + 6a'i^a|c + 3oio"a|c + 2a'ialc + oia'/a3C — 12010103030— 
-24010^03030 — 12aia'^o|a3C - 20^03^0 + 12o^o|a3^c + 14af ofog^c- 
-2ofo303C - 4afo|a3C - 2afo|a3c) + aiAA'(-3aiaf + 3afo" + 2aia'^al+ 
+2ala'(al + 5oiOi^o| — Oio'/ol + 801010303 - 8aia'io|a3 - 40103^- 
— 4010303 + 4010303 — 20^0 — 6a'iO§c — 6oio|c — 201030 + 40103030+ 
+801O3O3C + 40103030) + 2aiA'^(3oiai + 2oiOiO§ — oio'iOg — 4010303+ 
+4oio|o3 + c + 3o§c + SogC + o|c)) - 16c^t'^(A^(oi + aio§ - 2aiOga3)^+ 
+oiAA'(l + al){a'^ - oio'/ + 2a'^al - 2aio"o§ + a^^ol - oia'/a| + 20^03^- 
-2a\ala2 + 2af 030(5' + 2afo|a3) + 2af A'2(l + o§)2(-ai - oio|+ 
+2oi0303)))/(aiA(of - 2a\a'it - 2aict - 2aio§rf + 40^^^ + 4o'iO§rf^- 
-8oia3o(jrf2)(of - Aajct + Aalajct + AcH'^ + Salc^t"^ + Aajc^t^)) 
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From B = we may get the expression of A'", which is quite long and wc shaU 
not present it here. 

By doing some quite long computations with RICCI, we prove that the differences 
Pi ^ P, P2 — P and P3 — p vanish when we replace the obtained values for A" and A'". 
Hence all the expressions obtained for the constant p coincide. 

Next we have to find the conditions under which the derivative of A" is equal to 

A'": 

(A")' - A'" = 0. 

Computing the above difference, we obtain that its numerator must vanish: 

{ala[X + 2aicA + 2aialc\ + afX' - 2a[cXt- 
—2a'^a^cXt + Aaia^a'^cXt + 2aicX't + 2aia^cX't) 
{ala[X^ + 2alalcX'^ + ^AA' - a^a'^^X^t - iala'^cX^t - 4:ala[alcX'^t+ 

+4:a*a3a':^cX^t - ia^cXX't + ia^alcXX't + a^A'^t + 4:ala[^cXH^+ 
+Aa\a\^ alcX^t^ - Sala'^aaa'^cX^t"^ + Aaia'^c^X^t^ + ?>aia\alc^X^t^+ 
+4,aia[alc^X^t^ - Sala^a'^c^X^t^ - Sa^a^aJjC^A^i^ + Aalc^XX'f+ 

+^alalc^XX't^ + Aala^c^XX't^ - AafcX'^t^ + Aa\alcX'^t^~ 
-Aa'j^c^X^t^ - 8a[^alc^XH^ - 4:a\^ajc^X^t^ + 16aia[a3a'3C^X^t^+ 
+ 16aia[ala'3C^X^t^ - IGajaja'^'^ Xh^ + iajc^X'^t^ + 8ajalc'^X'^t^ + 

: , 2 4 2 \/2 ,3\ 

+4:aia^c A t j 

{al - 2ala[t - 2aict - 2aia\ct + Aa'^ct^ + Aa'^alct^ - Saia^a'^ct^) = 0. 

If we replace in the last parenthesis the values of a'^ and a'^ given by (|2.5p and 
then we multiply by the denominator (ai + 2bit) > 0, we obtain the expression (j3.7p 

{alf ~ \a\{\ + a\)ct + A,cH^(\ + a\f , 

about which we proved that it is always positive. 

Hence the cases which must be studied are the next two: 

/) a\a!-^X + 2aicA + 2a\a^cX + a^A' — 2o!icXt — 2a!ia\cXt + A:a\a-io!-i^cXt~V 

+2aicX't + 2aialcX't = 0, 
//) ala'^X^ + 2a\alcX^ + a'jAA' - a\a!^}?t - \a\a!^cXH - Aa\a!^alcXH^^ 
+Aa\a-ia!^cXH - 4atcAA't + 4ata^cAA't + a^A'^i + Aa\o!^c}?t^ + 
+\a{a!^ a\c}?t^ ~ Safa'^asa'^iCX^t'^ + Aaia'^c^X^t^ + •&aia[alc^X^t^ + 
+4,aia\alc^X^t^ ~ Sala^a'^c^X^t^ - d,a\ala'^c^X^t^ + Aa\c^XX't^+ 
+^alalc^XX't^ + Aala\c^XX't^ - AafcX'^t^ + Aa^alcX'^t^- 
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^^a\a\c^y!^t^ = 0. 
In the case /, we may obtain the foUowing expression of A' 



A' = -A 



a\{a\a'^ + 2c(l + a|)) — 2ct{a[ + 2a[al — 4010303 



3^ 



ai[of + 2ct(l + o§)] 



Replacing this expression of A' in the first value obtained for p, we get a rational 
function of the density of energy, t, the coefficients oi and 03, the proportionality 
factor A, and the constant sectional curvature, c, of the base manifold M 

2aic(n + 1) 

P - 



X[af + 2ci(l + o§)] 
from which we get the value of A 
(3.8) A- + 



p[o2+2ct(l+o2)]- 

Now we may state: 

Theorem 3.2. Let {M,g) he a smooth n- dimensional Riemannian manifold. If 
(G, J) is a general natural Kahlerian structure on the cotangent bundle T* M and the 
parameter A is expressed by (jS.Sp . where p is a nonzero real constant, then (T*Af, G, J) 
is a Kdhler- Einstein manifold, i.e. Ric = pG. 

Remark 3.1. Taking into account of a theorem from |2j, the expression (|3.8p of 
A implies that (T*M, G, J) is a Kahlerian manifold of constant holomorphic sectional 
curvature k = -^tt. 

Example 3.1. The Kahler-Einstein structure on T*M, from the paper [15] by 
Oproiu and Poro§niuc, may be obtained from the theorem 3.2, as a particular case. 
If in the expression p.Sp we impose the condition 03 = 0, we get the same expression 
of A obtained in [15] , in the case of the natural structure of diagonal lifted type on 
the cotangent bundle T*M of a Riemannian manifold {M,g). 

In the case //, we obtain 

alt{a'l - Aalct + Aa\alct + Ac^t^ + SogC^t^ + Aa'l.c^t^)\''^ + a\{a\ - Aa\ct+ 

+4oi03ci + Ac^t^ + Sogc^t^ + 4o3C^t^)A'A + {a\a[ + 201O3C - a\a'^^t - Aafa^ct- 
~Aala[alct + Aaja^a'^ct + Aa\a'ict^ + Aa\a'^ al^ct^ - So^o'^ 03030*^ + 
+4aiaic^t^ + Soio'^OgC^i^ + 4aioio3C^t^ - 80^03030^^^ - SoiO^OgC^t^- 
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-IQalala'^^ ch^)\^ = 0. 

This is a homogeneous equation of second order in A' and A and it may be solved 
with respect to Then we obtain two expressions for A' 

^ ^ 1 a\ — 2a\a'it — 2aict — 2aia§ci + ia'^ct^ + Aa'^alct^ — %aia^a'^ct^ 
2ait^a\ - Aajct + Aajajct + AcH^ + SalcH^ + Aajc'^¥ 

When we replace this expression of A' and its derivative A" in the first value of p, 
we obtain 



_ n{al + 2ct + 2alct ± y/af ~ Aa\ct + Aa\a\ct + Ac?^^ + %a\c?t'^ + iajc'^t'^) 
^ ~ AaiXt ■ 

In this case p is defined on the set TqM C TM of the nonzero cotangent vectors 
to M, and the value of A is given by 



_ n{al + 2ct + 2alct ± y^af - Aajct + ialajct + 4cH'^ + Sa^c'^t'^ + 4a^cW) 
^ ' ' ^ Aaipt ■ 

Now we may formulate the next theorem: 

Theorem 3.3. Let (G, J) be a general natural Kdhlerian structure on the cotan- 
gent bundle T*M of a smooth n- dimensional Riemannian manifold. If the param- 
eter A is expressed by (|3.9|) . where p is a nonzero real constant, then (G, J) is a 
Kdhler- Einstein structure on the bundle T^'M, of nonzero cotangent vectors to AI , 
i.e. Ric = pG. 
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